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The periodicity condition of state variable ensures the circuit periodic steady state.
Circuits with linear dynamic elements and nonlinear resistors can be solved iteratively
using the method of equivalent sources, by replacing the nonlinear resistors with
controlled sources having constant resistance throughout the iterations. The final values
of the state variables appear as affine functions of their initial values and only the
additive term changes iteratively. By imposing a periodicity condition the initial values
of the state variables are obtained by solving a linear system of equations in which the
system matrix remains unchanged during each iteration and only the right hand side is
modified. This matrix is inverted only once before the iterations begin.

1. INTRODUCTION

The most popular method for solving periodic steady state of nonlinear
circuits is the brute force, often used by the commercial simulators. By choosing
arbitrary initial values for the state variables the transient analysis is performed
until an asymptotic solution is reached. Even if various acceleration procedures are
used [1-2] the computation time can become huge especially if the circuit has
“large time constants”. An important speed-up is obtained by handling the
nonlinearity using the Equivalent Sources Method (ESM) [3] and applying the
numerical form of the convolution integrals on time intervals. In [4] this technique
was successfully applied for circuits having sources with large frequency
differences.

The harmonic balance method can solve this problem also, but it leads to a
large computation time if the nonlinearities are strong or if the sources have a
broad spectrum of harmonics. Using ESM the circuit is solved for each harmonic
[5]. The harmonics spectrum is progressively enlarged starting with a reduced
number of harmonics and selecting the most relevant harmonics of the equivalent
sources.
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In this paper a new procedure for finding the periodic steady state of
nonlinear circuits is presented. The method is based on ESM and on imposing the
state variable periodicity. The nonlinear resistive elements are replaced by linear
generators for which the sources are nonlinearly controlled by the resistor voltage
or current. Except the equivalent sources, the parameters of all other electrical
elements remain unchanged for each iteration, allowing superposition. The state
variables are determined by convolution integrals represented as invariant vectors
for all iterations. These vectors are computed only once, before starting the
iterations. The state variables are easily obtained by multiplying them with the
source vectors. The periodic steady state is imposed by enforcing the initial values
of the state variables be equal with their final values at the end of the period. A
system of equations results, having the same matrix for all iterations and the right
hand side (r. h. s.) changing. This matrix is inverted only once, before starting the
iterations. The controlling quantities of the equivalent sources are then determined
and the sources voltages are corrected for the next iteration.

2. ESM TREATMENT OF THE NONLINEARITY

The nonlinear resistive elements are grouped as a p-port and, for simplicity, it
is assumed that the port voltages u are the controlling quantities i = If(u) at any

time te[0, T], where T is the excitation period. The function F:RP - RP is
assumed Lipschitzian

Hlf(x)—If(yX‘SA"x—y”Vx,ye RP, (1)
and uniformly monotone

<If(x)—If(y),x—y>27»||x—y||2Vx,ye RP.A>0 )

ESM replaces the nonlinear p-port with p voltage generators described by

where the source voltage € is a non-linear function of u [1]
& = U — R (u)=H, (), 4)

where F, and I—A|k are the components of the functions F and H . It can be

proved [3] that if ry is chosen as I, =T E(O, ZK/AZJ, k=1,2,..,p, then H isa

with the contraction factor

contraction “H (x)-H (y)”g <0|x-y]| g’
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0=+1-2rk+r?A? <1. In this case the scalar product and norm are defined as
<u, v>g =u'Gy and "”"; =u'Gu, respectively, where G is the conductance
diagonal matrix (G = g = 1/r) defined for the nonlinear elements and T denotes

the transpose. If the constitutive relations are time-invariant, then H is also a
contraction on RP x [O,T] and (1) becomes

A A

H(x)-H (y)ﬂg: <Olx -y, - (5)

T T
2 2
where <u,v>g,T = I(u,v>gdt ,and ||u||g’T = J.”u"gdt .
0 0
In the case of a nonlinear one-port resistor, conditions (1) and (2) correspond
to a strictly positive increasing bounded function. The conductance can be chosen

as 1 g> % and a contraction factor 0= Max(l =1 Ouin>l * Ornax — 1) is

f(u)-fu) f(u)- fu)

obtained [I, 2], where g@,;, =Inf ———", Opax = SUp ———~, and
u',u” u-—-u uu’ u—-u

i= f(u) is the u-i resistor relation. The smallest value of the contraction factor is

_ Omax ~ Ymin _ Omax T Jmin

) ) 1
= and is obtained when —=g,, =
gmax + gmin ropt 2
If the resistive elements are current or mixed controlled our method remains
valid by using a dual formulation.

opt

3. THE NEW METHOD USING ESM FOR SOLVING THE PERIODIC
STEADY STATE

The steps for the periodic steady state computation of the nonlinear circuit
are:

a) The matrix which gives the final values of the state variables from their
initial values is computed. The final values are not known yet at this point. This
matrix is evaluated only once and remains unchanged for all iterations.

b) Arbitrary initial values ¢V for the equivalent sources voltages are chosen.

¢) Having the ¢” sources voltages and the independent sources voltages s
their contribution to the final values of the state variables (at time t=T) are
computed. Knowing these contributions and the matrix from a), the initial values of
the state variables are computed as a result of the repetition condition of the state
variable after one period.
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d) Havmg the sources s, ¢ and the state variables, the control quantities
ul) = L(e ) are computed by solving a linear circuit.

e) The sources voltages '™ = H (u") are corrected.
If the error “e(”l) - e(i)H is not small enough the algorithm returns to step b).

The convergence. The circuit is assumed to have Ng linear resistors, N_
inductors and Nc capacitors. Let (u',u") and (i',i") be two solutions of the linear
circuit which correspond to the (¢',e") sources voltages and 1et Au=u"-u", N\i=i—i" be
the difference solution corresponding to the Ae = e'—e” difference. The voltage
difference is zero for the independent sources. Having a linear circuit, Tellegen
theorem gives

(Au,Af) = Zr (Ai )’ +ng(Auk) —ngAukAq(Jr
(6)

L
JFZAMLi
A=1

Integrating over a period and taking into account the periodicity condition of
the state variables, the previous relation becomes

T Ng TP TP
[2or @iy dt+ [ Y ge(au)dt- [ gAuaedt=0. (7)

0 p=l 0 k=1 o k=1

Because the first term is positive one obtains

TP TP
[> acauydt- [ gauedt<0 or |au]  <(Auae) . ()
0

k=1 0 k=1

Therefore ||Au||g’T < ||Ae||g’T. So, the function I:, that relates the u solution to

A

the e sources voltages by solving the linear circuit, is non-expansive. Because H
is a contraction, the iterative method described in steps a), ..., €) is a Picard-Banach

procedure, that converges at the fixed point of the composed function Hol.
4. THE ANALYTIC SOLUTION OF THE LINEAR CIRCUIT
In order to simplify the presentation, a RC circuit is analyzed, the state

variables being the capacitor voltages only.
The currents at the ports where the capacitors are connected are
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du,
dt

where C is the capacitors matrix (a diagonal matrix if the capacitors are not
coupled), G. is the positive defined symmetric matrix of the ports conductances
where the capacitors are connected to, G., is the matrix of the transfer
conductances between the ports where the independent sources are connected and
the capacitor ports, G, is the matrix of the transfer conductances between the ports
where the equivalent sources are connected and the capacitors ports

i,=-Gu.+G. s+G.e=C

; )

Gcl,m = —|CI lsJ:O,:eI:O ,Gcs’m = _|C| ucz(l),e:O R

s

Uy =0 for km Si=0" for kzm

(10)

ch,m = —i(,1 u.=0,5=0

q<:_0’ for k=m

From (9) the following equation is obtained

d(;C+auC:Ps+Qesf, (11)

where o= C'G,, P= C ' G, Q = C "' G The solution of equation (11) is
t
u (t)=e | e” f(v)dr+e “u,(0), (12)

0

where ¢ is a matrix function. From the capacitor voltage periodicity condition
u(T) = uy0), the initial value is obtained as

;
u(0)=(1-e*MH)'e™ | e” f(r)dr . (13)

0
The voltages at the ports of the nonlinear resistor are
u(t) = As(t) + Be(t) + Du(1), (14)

where A, B, D are the transfer matrices between the ports where the independent
sources, the equivalent sources and the capacitors, respectively are connected and
the ports | where the nonlinear resistors are connected

Ai,m =y

u.=0,e=0 = u.=0,s=0 = s=0,e=0
Sn=l o Bm=ueeD . D, Uify, =5, (15)

SK:O’ for k=m ek:O’ for k=m U =0 for k=m
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The P, Q, A, B, D, ¢ “ and (1-¢ “) ' matrices are computed only once, before
the first iteration.

The numerical solution. The previous method can be easily applied only in
the case of at most 2 x 2 matrices. Unfortunately, in the case of circuits with many
state variables, the computational effort required for the computation of the matrix
function e “ is significant.

However, the proposed method can be easily applied for the case of
complicated circuits, by employing a numerical method for solving the linear
circuit.

The [0, T] interval is divided in N equal subintervals [t,, tn [=[(N=1)At, nAt],
where At = t,.; — t,. By assuming on the [t;, t,] interval the following excitations

e, =1-t/At for te[0,T], &, =0 elsewhere, (16)
and
& =t/At for te0,At], €, =2—t/At for te[At,2At],
e, =0, elsewhere, (17)

for the independent and controlled sources, the linear circuit response at any linear
excitation on the [ty tn] interval can be obtained. Thus, only the computation of
the circuit response vectors to the excitations in (16) and (17) is required. The
transient response to the (16) and (17) excitations could be obtained numerically
using the companion circuit. Each [t, tni;] interval is divided in equal intervals.
When employing nodal analysis, the system matrix remains unchanged and only
the r. h. s. modifies as a function of the considered sources. The circuit response at
the initial unitary values of the state variables is obtained with the same matrix.
The initial values of the state variables are obtained by imposing the periodicity
condition. Then the values of the control quantities are evaluated. The iteration is
finished by correcting the voltages of the controlled sources with (4).

In a following paper we will present in detail the numerical method for
solving the periodic steady state of the linear circuit and the important advantages
that follow from applying the presented method.

5. NUMERICAL RESULTS

The independent pulsed voltage source Sin Fig. 1 has amplitude S, period T
and pulse width t; (Fig. 4), being described by

S(t)—{so’ for t€[0,t,)

. (18)
0, for te[t,,T)
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The diode nonlinearity is given by the slopes of the half-lines of the u-i
characteristic from Fig. 3.

r
}‘mu.r

u

Fig. 1 — The nonlinear circuit. Fig. 2 — The linear circuit with the ~ Fig. 3 — The current-voltage
nonlinear voltage controlled e characteristic of the nonlinear
source. element.

Figure 2 shows the “linear” circuit in which the nonlinear element has been
replaced by the voltage generator containing the voltage source &(u) controlled by
voltage U at the generator terminals. The generator resistance was chosen ry=1/gmax,
giving a contraction factor of 6=1 — Quin/Oma. Due to the simple nature of the
chosen circuit the linear circuit can be solved analytically at each iteration. The
interval [0, T] is divided in N equal intervals At, so that t;/T = n/N. The equivalent
sources are assumed to have a linear variation on the intervals.

1
e(t):ek"'E(t_tk)(ekH_ek)ak:152,---aNa (19)

where &= €(tx). Due to the simple nature of the circuit the matrices P, Q, 4, B, D,
e” (1-e“)! become numbers:

1 . 1

G, =—ic|s=0,e=0 =l+—, Gy =l¢|u=0,ec0 = ———,

U=l R Rs.g_R) s=1 R3+R0

. 1 G G G

G =lclu=050 ==——, o=—, P=—7, Q=—72,

&=l R, +R, C C C
A=tite0 =R Bty = — o, D=t = -0
SRR G RERTT el R4R

For time t;+1 = nAt, (12) becomes

Uc(thi) =Uc(NAL) =U, = U FUc  + I,,u.(0),n=12,...,N, (20)

n+l

where Thii =€ n=12,...N, =1 and
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=0, @1)

Gcs (rn+1—nc _rn+1)so, forn> n.
(I-T,,)s, forn<ng, Ue

G 1
[(%1 -T,8,)- m(l -T))(e,, - &, )} U, U, =0 (22)

U, 1:_ce
N+
Gc

From the periodicity condition U, =U(0) the initial value of the capacitor

voltage is obtained
u +Uu
UC(O) — Co;N-+1 Ce;N+1 ) (23)
1- 1—‘N+1
The voltage U, can be calculated with (20) and the voltage u,,, with (14)
(24)

u,, = As,, +Be,, +Du.,,, n=0,1.2,...,N.

Replacing (24) in (4) the new voltage e of the equivalent source is obtained.

Example 1. The circuit parameters are chosen as R=10Q, =2V, T=10"s,
t/T=02, R=10Q, C=10uF and Gnx=10°Q", guu=1Q" which gives a
contraction factor 6 = 0.999999. The contraction factor is very close to, but smaller

than 1 and thus, is an assurance of the convergence.

u and "spicE) || ;

U (SPICE)

\\2/&r _________ "

e
ot
&%

Voltage [V]

-1.5
0 200 400 600 300
Time [us]

Fig. 4 — The transient response of the circuit to the voltage source S. Voltages U and U, are obtained
with the proposed method. Voltages Uyspiceyand Uspic) are obtained with SPICE.
The problem was solved with the proposed method and with SPICE. The
variation with time of the voltages from Fig. 1 are shown in Fig. 4.
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For the proposed method the period was divided in 4 000 equal intervals and

) | i ~ ) )
a relative error of er = —He('“) - e(')“ <0.96'10" was reached after 148 iterations.
S

It can be said that the solution is located in a sphere of the exact solution € of

radius [3] i”e*—e“)”<%=0.096. The computing time was 0.06s on a
SO -

2.128 GHz Intel processor notebook.

There is good agreement with the results obtained with SPICE.

Example 2. The circuit proposed in [4] can be difficult to be solved
numerically. The independent voltage source S is amplitude modulated as
S(t) = s, sin(2~f, )sin(2nf,) where =2 V, the signal frequency is fj=1 kHz and
the carrier frequency is f,= 0.1 GHz. The difficulty in solving this circuit is given
by the fact that the source has very large time variations which requires a very
small time step for the numerical calculations. Furthermore, the nonlinearity of the
diode is strong. The other circuit parameters are R =1kQ, R,=10Q, C =1 puF.
The slopes of the half-lines of the u-i diode characteristic are Q= 10°Q" and
Omax= 0.1 Q'. For the equivalent source a resistance of o= 1/Qum.x is chosen, which
gives a contraction factor of 8 =0.999999. The procedure presented in [4]
combines ESM with brute force. In order to accelerate the computation, the time
step was initially chosen to be T./4, than it was reduced to T./12, where T,= 1/f,.
The iterative corrections of the equivalent sources stops at a relative error smaller
than 107, The same accuracy was employed for the capacitor voltage periodicity
when checking the asymptotic solution. The computation time was 1287.22 s on
the previous mentioned notebook.

In this paper a time step of T»/6 was used. A relative error of er < 0.99510’
was imposed to stop the iterative corrections of the equivalent sources. The
solution is within a sphere of the exact solution of radius 0.00995. The number of
iterations was 114 and the computing time was 7.32 s.

The variation with time of the capacitor voltage for a period T,;= I/f; is
plotted in Fig. 5 and a detailed variation is presented in Fig. 6.

34960

1
1.34955
= = 1.34950
=] @ - -
R 2 1.34945
S S 134940
1.34935
0 : : . . : 1.34930
0 200 400 LY 800 1000 200 200,02 200.04
Time [us] Time [us]
Fig. 5 — The variation with time Fig. 6 — Detail of the variation with

of the capacitor voltage. time of the capacitor voltage
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Example 3. The advantages of our method when compared to brute force are
spectacular when the “time constants” of the circuit are large.

In the case of brute force, state variable periodicity is achieved after many
periods, leading to large execution times. If the parameters for the elements in the
previous example are changed to C = 100 pF, f, =10 kHz, f,= 1 GHz then the time
constant of the linear circuit becomes t = 1/a = C/G.=210" s and 20T, periods are
required for the capacitor voltage to change e times. The relation (23) can be
understood as a “over-relaxation” of the capacitor voltage. According to (20), when
choosing an initial value of zero for the capacitor voltage, after a period, the value
u(M)=u, +u, is obtained, which is then amplified

'S;N+1 e;N+1

1 3 1
1-Ty,, 1-e¢°"
A relative error of 0.94'10”7 was reached in a number of 116 iterations and

thus the solution was located within a sphere of the exact solution of radius 0.0094.
The computing time was 7.45 s.

=20 times by (23).

6. CONCLUSIONS

The advantage of the presented method when compared with brute force is
obvious in the case of linear circuits. Without retaining matrices of large
dimensions, the voltages u, (U, ~=0) are computed through numerical

integration. The initial value of the state variable can then be computed with (23).
The periodic steady state solution is then obtained by integrating again in the time
domain. In the case of complicated circuits relation (23) is replaced by a system of
equations of dimension equal to the number of state variables.

The extension of this method to nonlinear circuits can be performed by applying
ESM, but iterations are required for the correction of the equivalent sources.

When compared with brute force the procedure described in this paper has
clear advantages in the case of circuits presenting strong nonlinearities and large
“time constants”. The method of harmonic balance can be successfully used when
only a few harmonics are required in describing the periodic steady state solution.
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