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ANALYTICAL DESIGN OF FRACTIONAL ORDER PROPORTIONALINTEGRAL CONTROLLER FOR ENHANCED POWER CONTROL OF
DOUBLY-FED INDUCTION GENERATOR
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This paper presents a robust power control strategy using fractional order proportional-integral FO[PI] controller to enhance the
performences of power control of a doubly fed induction generator (DFIG). In this paper, a new analytical design method is proposed
and used to design FO[PI] controllers. The FO[PI] controllers designed in this way improve the control dynamics and robustness of
the DFIG under various kinds of disturbances and parameters’ variation. The originality of the present study lies in the development
the new analytical design method, which is based on five frequency specifications, namely, phase margin, gain limitation at crossover
frequency, robustness to gain variation, sensitivity and complementary sensitivity functions. The proposed method offers most of the
advantages of the methods reported in the literature. Indeed, it guarantees robustness using phase margin, gain limitation and
robustness to gain variation and disturbance rejection using sensitivity functions. Moreover, the complex analytical derivation is
simplified using a change of variables and appropriate trigonometric formulas. The power control of the DFIG is examined with both
integer order proportional integral controller IOPI, and fractional order proportional integral controller FO[PI]. The obtained
results show that both IOPI and FO[PI] controllers give good performance under normal operation. However, FO[PI] controller
fares better than IOPI controller under gain variation and various disturbances.

1. INTRODUCTION
The DFIG is the generator used by most of wind energy
conversion systems (WECS) because of the control
flexibility offered by this machine, and the reduced size of
the power converters used [1–4]. The reliable operation of
wind farms is highly dependent on the performances of the
control strategy and the efficiency of the controllers used to
achieve control objectives.
DFIG control strategies, which have been widely studied,
range from vector control and direct power control to some
forms of adaptive and variable structure control [4–7]. The
most reported control strategy is the power control based on
field-oriented control (FOC), in which independent control
of active and reactive powers is achieved through the rotor
side converter of the DFIG [1, 2, 4]. Classical controllers
are very sensitive to variations over time in system
parameters, and also to external disturbances [6], which
may affect control objectives and system performance.
In recent years, a new form of controllers based on
fractional order derivative and integral was proposed. Its
synthesis and applications in physics and control
engineering appeared at the end of the 20th century [7, 8].
The fractional order proportional and integral controller
(FOPI) and the fractional order [proportional and integral]
FO[PI] controller are a generalized form of the
conventional integer order PI controller, which offers more
flexibility in achieving control objectives [9]. Indeed, PI
controllers have two parameters, namely k p and ki
adjusted to obtain control objectives. However, FOPI and
FO[PI] controllers have an additional parameter, namely the
fractional integration order λ [10–13].
The major challenge in fractional order control resides in
the design and analytical calculation of fractional order

derivatives and integrals [7–11]. One viable alternative in
analytic calculation is the integer order approximation
discussed in [7, 8, 14]. For the design of fractional order
(FO) controllers, several techniques have been studied in
the literature, among which auto-tuning technique [15, 16],
particle swarm optimization (PSO) [17], analytic tuning
method using Bode’s ideal transfer function [11], and
analytical design method [16–18]. Other researchers used
analytic design methods based on frequency domain
specifications like A. Monje [16], H. Mahvash in [18] and
Y. Q. Chen [19, 20].
The analytic design studies have been made based on
both frequency domain specifications and time domain
specifications. Nevertheless, it should be noted that
analytical design methods based on time domain
specifications are still insufficiently investigated in the
literature and has still many difficulties.
However, several analytic design methods in frequency
domain have been discussed. We can find the analytical
design method proposed by H. Mahvash in [18] based on
three frequency specifications, which are phase margin,
gain limitation at the crossover frequency and robustness to
gain variation. Where, at a given crossover frequency ωc ,
robustness to plant uncertainties and overshoots limitation
are guaranteed. However, this method involves a very
complex analytical calculation that leads to nonlinear,
coupled equations, which must be solved in order to
determine the controller parameters. This technique was
also applied by H. Mahvash [18] using complex analytical
calculations. B. Boudjehem proposed in [21] an analytic
method with only two frequency specifications; phase
margin and gain margin. The common advantage of these
methods is to achieve robustness to plant uncertainties and
parameters variation. However, controllers designed in this
way are not suitable for systems subject to external
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disturbances such as those due to load variations.
Another analytic design method was proposed by Y.Q.
Chen in [19] based on sensitivity function and
complementary sensitivity function specifications to satisfy
the major industry design requirements, which are
robustness to load disturbances and noise rejection [19]. On
the other hand, this method is not effective in ensuring the
robustness against plant uncertainties and parameters
variation. The analytical design methods mentioned above
require complex calculations and do not meet the
requirements of modern control techniques
The originality of this paper consists of developing a new
analytic design method based on five frequency
specifications, which are phase margin, gain limitation at
crossover frequency, robustness to gain variation,
sensitivity function and complementary sensitivity function.
The proposed method offers all the advantages of the
methods cited above. So, it guarantees robustness using
phase margin, gain limitation and robustness to gain
variation and disturbance rejection using sensitivity
functions. Moreover, the complex analytical derivation
involved in [18] is simplified using a change of variables
and appropriate trigonometric formulas.
This paper is organized as follows: in the subsequent
section, a short review of the fractional calculus theory is
presented including the advantages of using fractional
controllers instead of integer order ones. The DFIG
modeling and control are discussed in Section 3 with a
detailed independent power control strategy. In Section 4
the proposed analytic design method is developed based on
five frequency domain specifications. Finally, in Section 5
The performances of IOPI and FO[PI] controllers are
discussed and compared.
2. FRACTIONAL CALCULUS
Fractional calculus was introduced in 1695 by the
mathematician G.W Leibniz. Within years fractional
calculation became an attractive subject to mathematicians
as Liouville, Riemann and Holmgren [22].
Calculation of fractional derivatives and integrals is very
difficult using analytical methods [22]. For simulation and
Hardware implementation of fraction order transfer
functions, an integer order approximation is usually
employed [9]. In literature, two popular integer order
recursive approximations can be found, Oustaloup's method
[7–10, 23] and Charef's method [11–13]. Both, methods use
a recursive distribution of poles and zeroes as given in [7]:
N 1+ s w
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sa » kÕ
,
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as PI and PID. In fact, fractional order proportional and
integral controller FO[PI] is a generalization of the IOPI
controller. It offers a space of three degrees of freedom
instead of two for IOPI controller [8–14]. The transfer
function of such controller can be expressed as:
C (s ) =

where:

w z ,1 = wl . h ;

w p,1 = e.w z ,1 ; w p,n+1 = w p,n .h ; n = 1,..., (N - 1);

h = (wh / wl )(1-a )/ N ; e = (wh / wl )a / N .
This approximation is valid in the frequency range
[wl , wh ] . Gain k is calculated so that both sides of
equation (1) shall have unit gain at 1 rad/s.
Fractional controllers are increasingly used in industry.
The efficiency and robustness of this type of controllers
makes them a good alternative to classical controllers such

l
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where k p is the proportional gain, ki is the integral gain of
the controller and λ is the integration order.
3. DFIG MODELLING AND CONTROL
The DFIG based WECS configuration is shown in Fig. 1.
The generator stator windings are directly connected to the
grid while the rotor ones are connected to the grid through
two back-to-back converters, called the rotor side converter
(RSC), and the grid side converter (GSC).

Fig. 1 – Typical configuration of the DFIG based wind energy conversion
system

3.1. DFIG MODELING
The DFIG modeling is widely discussed in the literature
[4, 7, 24–27]. The DFIG voltage equations in arbitrary
rotating reference frame are given by :
d
ì
ï Vdqs = Rs I dqs + d t f dqs ! w s .f dqs
(3)
,
í
d
ïVdqr = Rr I dqr + f dqr ! w sr .f dqr
dt
î
with wsr = ws - w – rotor pulsation; w s , w – synchronous
speed and rotor speed, respectively; Vdqs and Vdqr – stator

and rotor voltages along d and q axis, respectively; I dqs
and I dqr – stator and rotor currents along d and q axes
respectively; f dqs and f dqr – stator and rotor flux density
along d and q axis, respectively; Rs and Rr – stator and
rotor resistance, respectively.
The flux equations are by [28, 29]:
ìf dqs = Ls I dqs + M.I dqr
,
í
îf dqr = Lr I dqr + M.I dqs

)

)

2

(4)

where Ls, Lr and M : stator inductance, rotor inductance
and mutual inductance, respectively.
3.2. POWER CONTROL OF DFIG
To achieve power control of the DFIG, field-oriented
control FOC technique is used. It consists in orienting the
stator flux along d-axis of the rotating frame, which implies
that f ds = f s and f qs = 0 .
,
where:

(5)
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fds and fs – stator flux in d axis and stator flux;
Ids and Idr – stator and rotor current in d axis;
Vs and Ls – stator voltage and leakage inductance;
Iqs and Iqr – stator rotor currents in q axis.
Taking (3) and (5) into account and substituting the flux
equations in the rotor voltage equations and then applying
the Laplace transformation, the rotor voltages equations
become [24–27]:
(6
)

,

where:
Vdr and Vqr – rotor voltage in d and q axes;
Rr and Lr – rotor resistance and leakage inductance.
In addition,
is the dispersion
coefficient and s = jω Laplace operator. The quantities
and
are the cross coupling between
the rotor d and q axes.
'
'
= Vdr + E qr and Vqr
= Vqr + E dr ,
We denote Vdr

where
,

(7)

The power control block diagram illustrates the
decoupled power control strategy using FO[PI] controllers
in the rotating (d, q ) reference frame according to the field
oriented control of the DFIG [24–27].
4. FO[PI] DESIGN METHODOLOGY
4.1 FREQUENCY DOMAIN SPECIFICATIONS
Controllers design is a critical step in engineering
industrial process control systems. Indeed, several design
methods have been proposed by many contemporary
researchers. A tuning methodology for fractional order
controllers has been studied in [17, 19]. Time domain
design of FOPI has been studied in [17] and frequency
domain optimization tuning methods for fractional PI
controllers have been proposed in [16, 23–25, 28]. The
frequency domain design method is performed using
frequency domain specifications as phase margin, gain
limitation and robustness to the gain variation.
At a given crossover frequency wc , the analytic design
method can be applied to DFIG power control system to
design FO[PI] controllers using frequency domain
specifications as follow:
– phase margin j m
arg[ plant + controller ]w = j m - p .
c

with Edr and Eqr rotor – induced voltages in d and q axes.
So, we can write:
,

111

(11)

– robustness to gain variation
(8)

d
(arg[ plant + controller ]) = 0 .
dw
w

(12)

c

where V’dr and V’qr derivatives of rotor voltages in d and q
axes.
From these equations, the transfer function of the direct
and quadrature rotor axes can be deduced.

(9)

where T is the time constant and defined as T = Lr Rr and
k is the constant value and defined as k = 1 Rr .
Under field-oriented control (FOC) conditions, the active
and reactive powers can be written as in Eq. (10) [28, 29]:

.

(10)

From (9) and (10), independent power control block
diagram of the DFIG can be derived as described in Fig. 2.
All cross-coupling terms between d and q axes and the
disturbance terms are being fully compensated.

Fig. 2 – Power control block diagram of the DFIG using FO[PI] controller.

– gain limitation
plant + controller

wc

=1.

(13)

As it can be seen, the analytical method employs an
open-loop transfer function at given crossover frequency,
which may affect the control performance regarding closed
loop stability, high frequency noise rejection and load
disturbance rejection [16, 17].
To further enhance the robustness and performance of the
DFIG power control, two sensitivity specifications are
added. Therefore, the proposed design method uses five
specifications to ensure control performance and
robustness.
– Complementary sensitivity (noise rejection)

( plant + controller ) £ (1 - S )
1 + ( plant + controller ) w

"w ³ w h .

(14
)

– Sensitivity (load disturbance rejection):
1
£ S "w £ wl ,
1 + ( plant + controller ) w

(15)

where [wl , wh ] is the desired frequency range with
wc Î [wl , wh ] and S is the sensitivity value chosen to
obtain a good performance. After the FO[PI] design is
completed using equations (11), (12) and (13), the
supplementary closed-loop specifications must be fulﬁlled.
Otherwise, crossover frequency value wc should be chosen
from the interval [wl , wh ] to satisfy supplementary
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4

specifications. So, the proposed FO[PI] design strategy can
be outlined by the diagram bellow.

,

(19)

,

where

.
4.2.3. GAIN LIMITATION
,

Fig. 3 – Proposed FO[PI] design strategy.

4.2. FO[PI] CONTROLLERS DESIGN
Considering the bloc diagram presented in Fig. 2, the
power control transfer function can be expressed as:

,

(16)

.

(20)

By substituting (18) in (20), we find:

where C (s ) and P(s ) are the controller and plant transfers
functions respectively and

.

.

Applying the frequency domain specifications stated by
(11), (12) and (13) on the system transfer function given by
(16) and using analytical development, simplified
relationships linking the FO[PI] controller parameters can
be established as detailed in subsections bellow.
4.2.1 PHASE MARGIN j m
The phase margin is an important robustness measure. It
can be also considered as a performance indicator because it
is related to the system damping [16]. The phase margin
equation is given by:

The substitution of (18) in (19) leads to:
.

Þ

é p - jm - arctan ( s.T .wc ) ù
ki
= tan ê
ú.
k p .wc
l
ë
û

By choosing

(22)

Equation (22) has the form of the well-known advanced
trigonometric formula below.
2. tan (q)

= sin (2q) .
1 + tan 2 (q)
Therefore, (22) may be written as:

.
At crossover frequency, we can write: s = jωc

(21)

(23)

.

(24)

.

(25)

Then we can write:

(17)
, a simple

equation linking the controller parameters may be written as
follows:
æ Aö
k i = k p .wc tanç ÷ .
(18)
èlø
4.2.2. ROBUSTNESS TO GAIN VARIATION
This specification is also called iso-damping property in
time domain response. It ensures that the phase of the openloop system is ﬂat around the crossover frequency wc
which means that the system is more robust to gain changes
and the over shoot of the response is almost constant within
a gain variation [16, 17].

This has the form of the well-known mathematical
function called cardinal sinus defined by:

sin (q)
, q > 0.
q
Finally, (25) can be written in a simpler form as:
sinc(q) =

.

(26)

(27)

Equation (27) is a simple one variable equation, which
can be resolved to obtain the fractional integration
parameter λ. Then, the parameters k p and k i can be
obtained by substituting the fractional integration parameter
λ in (18) and (21), respectively.
According to the proposed design strategy shown by Fig.
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Fig. 4 – Dynamic response to active power steps.
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5.2. ROBUSTNESS TESTS
The robustness tests are performed under DFIG
parameter variations as follows:
– the first test: the rotor resistance value is increased by
70 % from its nominal value;
– the second test: the stator inductance is increased by
20 % from its nominal value;
– the third test: both rotor resistance and stator
inductance are changed simultaneously.
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Simulation results show that both FO[PI] and IOPI
controllers give a good reference tracking in a short
response time without static error.
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5.1. REFERENCE TRACKING TESTS
The DFIG is supposed to be operated at 1500 rpm when
different input steps for active and reactive powers are
applied. The dynamic performances of both FO[PI] and
IOPI controllers are depicted in Figs. 4 – 8 below.
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In this section, simulation results are presented using
FO[PI] controller and IOPI controller. Then, a comparison
of power control performance between FO[PI] and IOPI
under different operating conditions is achieved. The DFIG
parameters variation, gain variation and robustness to grid
disturbance are discussed. The design of the FO[PI]
controllers is based on the analytic design method proposed
in Subsection 4.1, considering phase margin j m = 50° and
a crossover frequency value ω c = 100 rad s . The DFIG
parameters are given in Table 1 below.
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Figures 5, 6, and 7 show the parameters variation effect
on active and reactive power response for FO[PI] and IOPI
controllers. As we can see from Fig. 5 for both controllers,
rotor resistance variation does not have a significant effect
on control performance. However, stator inductance Ls
variation has a significant impact on system performance,
particularly for the IOPI controller, which can affect system
stability. On the other hand, by using FO[PI], the system
stability is guaranteed even with parameters variation as can
be seen in Figs. 6 and 7. So, we can easily conclude from
the robustness test that the FO[PI] controller is more
efficient than the IOPI one.
As described in Subsections 4.1 and 4.2, the FO[PI]
controller is designed to be robust against gain variations
using frequency specification given by (12). This property
can be observed when varying the system parameters or the
proportional coefficient of FO[PI] controllers.
50
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Fig. 8 – FO[PI] gain variation robustness.

Figure 8 shows active power control robustness against
gain variation. The robustness test to gain variation agrees
with the studies performed by H. Mahvash in [18], CA.
Monje in [19] and B. Boudjehem in [21].
6. CONCLUSION
The idea of this paper is to design of FO[PI] controllers
by using frequency domain specifications and its
application in the power control of DFIG. First, the
decoupled power control strategy of DFIG is established.
The FO[PI] analytical design approach detailed in [18] is
simplified using advanced trigonometric formulas and
applied to the power control of DFIG. A comparative study
of power control using IOPI and FO[PI] controllers is
discussed based on various tests.
Robustness tests against plant parameters variation and
gain variation show that, with FO[PI], the system stability is
achieved under various disturbances such as load variation
and gain variation for which peak overshoots for different
gain values are the same as it can be observed on Fig. 8.
However, with IOPI, peak overshoots and stability are
strongly affected by the gain variation.
In light of these results, it can be concluded that the
FO[PI] controller is more efficient than the IOPI controller,
particularly for the stability and robustness of the system.
Received on November 13, 2018
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