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This paper presents a new method for solving the integral equation of magnetic vector 
potential on the surfaces of perfect conductor bodies. The definition of magnetic flux of 
ideal coils implies that these are perfect conductors, so the normal component of 
magnetic flux density on their surfaces is equal to zero, which is equivalent with 
enforcing a zero normal component of magnetic vector potential A and the circulations 
of A on any closed path on their boundaries, only those surrounding the holes being 
equal to magnetic fluxes. A and curl A are described by a linear combination of special 
vector functions associated with the surface nodes. The integral equation is projected on 
these functions, as well as on another set of specialized functions orthogonal on the first 
set. The small number of unknowns is a great advantage of the proposed method. 

1. INTRODUCTION 

Compared with the finite elements method (FEM), the boundary elements 
method (BEM) based procedures have some important benefits: are applied to 
unbounded domains, avoid the spurious forces in air regions, have a small number 
of unknowns associated with a variety of smaller size that compensates for the fact 
that the system matrix is not sparse. The main drawback is the lack of direct 
application in heterogeneous media. But, in the structures with piecewise 
homogeneous subdomains, the interface integral equations can be added [1] and in 
the case of nonlinear media the hybrid FEM-BEM methods can be used [2, 3]. 
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The BEM procedures in scalar potential has the advantage of using a 
relatively small number of unknowns, but great difficulties emerge in the case of 
multiply connected domains, where integrals singularities require special 
treatments [4]. 

This form of the integral equation with the magnetic vector potential as 
unknown on boundaries is most commonly used [5] 
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where Ω∂  is the boundary of homogeneous domain Ω , α  is the solid angle under 
which a small neighbourhood of Ω  is seen from the observation point, r and 'r  are 
the position vectors of observation and source points, respectively, 'rrR −= , 

R=R , 'n  is the normal unit vector, and 0A  is the vector potential produced by 
the given distribution of sources in Ω . 

The tangential component tA  and the gauge condition 0=⋅∇ A  uniquely 
determine the normal component nA  and the tangential component of the magnetic 
flux density t)( A×∇ , equation (1) being based upon these unknowns. In addition, 
the treatment of the singularity in the integral of the third term from the right hand 
of (1) presents some difficulties [6] (only the singularity of the second term is 
convergent). From the physical point of view, the enforcing of the tangential 
component tA  of the vector potential is too severe in order to define the normal 
component of magnetic flux density. In [7] the restriction 0=nA  is proposed, 
which is consistent with the gauge condition, and the tA  condition is "weakened" 
by imposing natural circulations of A (actually tA ) on any closed path on the 
boundary surface Ω∂ , which is equivalent to imposing the normal component of 
magnetic flux density. It can be shown that these conditions determine uniquely the 
tangential components tA  and t)( A×∇ . Integral equation (1) has now the 
following form: 
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It can be observed that in the equation (2) the right hand third term of (1) does not 
appear. 

By approximating Ω∂  with a polyhedral surface with triangular facets, 
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special edge elements have been proposed in [7] in order to describe tA . The 
number of unknowns corresponds only to the number of edge elements associated 
with a tree resulted form a tree-co-tree spanning. The edge values of tA  on all 
surface mesh sides result from the circulations of tA  on all loops defined by the 
co-tree. The tangential component t)( A×∇  is defined in local coordinates of each 
triangular facet. 

By projecting the equation (2) on a set of linear independent specialized 
shape functions obtained from the gradients of the nodal element functions, a 
different numerical solution of equation (2) is proposed in this paper. This 
procedure has significant advantages over the method proposed in [7], especially in 
the case of multiply connected regions (i.e. perfect conductor coils).  

2. SIMPLY CONNECTED REGIONS TREATMENT 

In the case of perfect conductor domains whose boundaries are not crossed 
by electric currents, the circulations of A and A×∇  on any closed path on Ω∂  are 
equal to zero. We use the following representation of these vectors 
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with 'N = 1−N , N  being the number of nodes of the discretization mesh over the 
surface Ω∂ , iα , iβ , i = 1,2,…, 'N , being the unknowns and the vector function 

iV , associated to the node i, having on the triangular facet (p) containing the node i 
the following form (see Fig. 1) 
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Fig. 1 – The facet (p) associated to the node i. 
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pn  and pS  being the normal unit vector and the area of triangular facet (p), and 
)( p

il  the length vector of the opposite side of i oriented accordingly with the 
orientation of pn . 

Firstly, by projecting (2) on the vector functions iV , we obtain 'N  equations 
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Secondly, the remaining 'N  equations are obtained by projecting (2) on 
another set of vector functions iU , defined by [8], associated also with each node i 
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and we obtain 
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The vector functions kU  and iV  are orthogonal, 0d =⋅∫
Ω∂
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At least one integral of the above double integrals can be evaluated 
analytically. In terms of the unknown A, (2) is a Fredholm integral equation of the 
second kind, leading to a well-conditioned matrix of the equations in (5) and (10). 

3. TREATMENT OF MULTIPLY CONNECTED REGIONS  

In order to present in the simplest way the case of the multiply connected 
regions, we consider a domain with a shape of a toroid. The toroid hole can be 
crossed by the electric currents and magnetic fluxes. The circulations of A×∇  and 
A along the closed paths 'Γ  and "Γ  around the toroid and surrounding its hole (as 
shown in Fig. 2) can be expressed as 
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where 'I , "I and 'φ , "φ  are the electric currents and magnetic fluxes through the 
toroid and through his hole, respectively.  
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Fig. 2 – Closed paths Γ' and Γ'' around the toroid and surrounding its hole on a discretization mesh. 
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We define the vector function 
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where }'{K  is the set of nodes on 'Γ  and p indicates all the triangular boundary 
elements on the same side of 'Γ  that contains at least one node of }'{K . Similarly, 
we define the function "G  associated closed path "Γ . The following relations 
replace the form of A×∇  and A in (3) for the case of multiply connected regions 
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For a correct formulation of the vector potential problem on the toroid 
surface it is necessary to know either the electric currents 'I  and "I , or the 
magnetic fluxes 'φ  and "φ , or a current and a flux. Equations (5) and (10) are 
completed by projecting equation (2) on the functions 'G  and "G . 

A given electric current through the toroid hole means that the value of "I  is 
known. If another toroid crosses the hole of the first one, then the current "

1I  that 
passes through its hole is the same with that passing along the second toroid 

"'
12 II = . 
The magnetic flux 'φ  along a perfect conductor toroid is equal to zero, as 

well as "I . If we impose the value of magnetic flux "φ  through his hole, the 
electric current 'I  along the toroid results. Then, the self inductance of the toroid is 
simply obtained from '/" IL φ= . 

4. ILLUSTRATIVE EXAMPLES 

In order to prove the accuracy of the proposed method, we firstly choose the 
perfect conductor domain of a sphere with 1 m radius, placed in a uniform 
magnetic field T 102.51 -2

0 ×=B , oriented along the Oz axis. The sphere surface is 
approximated by a polyhedral surface with triangular 2,808 facets and 1,406 nodes. 
In Fig. 3 the magnetic flux density vectors are shown on each triangular element of 
the sphere boundary. In Fig. 4 the projection of flux density on the (x, y, z) system 
of coordinates is presented for a meridian located at 30 degrees, depending on 
latitude. For the perfect conductor sphere an analytical solution can be obtained [9], 
and, for this example, the weighted mean square error of the computed results is 
0.954%. 
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Fig. 3 – B over the surface of a perfect conductor sphere in a uniform field. 
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Fig. 4 – Magnetic flux density components versus θ  at 30º=ϕ  for the sphere in Fig. 3. 

 

Fig. 5 – A coarse discretization mesh of the toroid surface. 
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Fig. 6 – Dependence of the self inductance of the toroid in Fig. 5 on the density  
of the discretization grid. 

A second example presents the computation of self-inductance of a perfect 
conductor toroid with average radius of 4 m and 1 m radius section (see Fig. 5).  
We choose a magnetic flux equal to unity through the toroid hole ( "φ  = 1Wb) and 
compute 'I  along the toroid. The toroid surface is discretized in the manner shown 
in Fig. 5. The computed self inductance is presented for different densities of the 
discretization mesh (number of nodes) in Fig. 6.   

5. CONCLUSIONS 

The replacement of the vector potential tangential component boundary 
condition by imposing only the circulation of A on any closed paths on Ω∂  
corresponds to the normal component of flux density natural boundary condition 
on the surface of perfect conductor domains. This "weakening" of restrictions on 

tA  allows us to choose the normal component of vector potential to be zero on the 
boundary and, therefore, results a simplified form of the integral equation (1) and 
removes the singularity contained in the third right hand side term. If we use the 
vector shape functions iV  associated with nodes and the test functions iV  and iU , 
orthogonal to iV , we obtain a system of algebraic equations with the number of 
unknowns equal to twice the number of nodes. In the case of multiply connected 
domains, we add specialized vector functions associated to the closed paths around 
the toroids and boarding their holes. The number of such functions is equal to twice 
the order of connection. In the case of perfect conductor domains, the number of 
these functions is equal to the order of connectivity. 

The method described is particularly effective for determining the 
inductances of perfect conductor coils. We note that Neumann formula can be used 
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only to determine the approximate mutual inductance and can not be applied to 
obtain the self inductance. 

ACKNOWLEDGMENTS 

This work was supported in part by the Romanian National Council of 
Scientific Research (CNCSIS–UEFISCSU), project number PNII–IDEI 2010/2008 
and the Sectoral Operational Programme Human Resources Development 
2007-2013 of the Romanian Ministry of Labour, Family and Social Protection 
through the Financial Agreement POSDRU/89/1.5/S/62557. 

Received on January 18, 2011 

REFERENCES 

1. P. Minciunescu, Contributions to integral equation method for 3D magnetostatic problems, IEEE 
Trans. on Magn., 34, 5, pp. 2461-2464, 1998. 

2. I. F. Hănţilă, I. Nemoianu, M. Maricaru, I. Hănţilă, P. Palade, An iterative procedure for solving 
FEM-BEM equations, Journal of Electrical and Electronics Engineering, 2, 1, pp. 52-55, 2009. 

3. I.R. Ciric, M. Maricaru, I.F. Hănţilă, S. Marinescu, Iterative FEM-BEM technique for an efficient 
computation of magnetic fields in regions with ferromagnetic bodies, Proc. of XIX 
International Conference on Electrical Machines (ICEM), pp.1-6, 6-8 Sept. 2010. 

4. M. Maricaru, T. Maghiar, M. Silaghi, F. Hănţilă, Scalar BEM for Magnetic Field Computation in 
Multiply Connected Domains, in Proc. of 11th International IGTE Symposium, Graz, Austria, 
pp.68-70, Sept. 2004.  

5. A.J. Poggio, K. Miller, Integral equation solutions of three-dimensional scattering problems 
(Ch. 4), in Computer Techniques for Electromagnetics, R. Mittra ed., Oxford, New York, 
Pergamon Press, pp. 160-170, 1973. 

6. T. Onuki, S. Wakao, Novel boundary element analysis for 3-D eddy current problems, IEEE Trans. 
on  Magn., 29, 2, pp. 1520-1523, 1993. 

7. F.I. Hănţilă, I.R. Ciric, Magnetic vector potential tree edge values for boundary elements, IEEE 
Trans. on Magn., 39, 3, pp. 1183-1186, 2003.  

8. F.I. Hănţilă, I.R. Ciric, A. Moraru, M. Maricaru, Modelling eddy currents in thin shields, Compel, 
28, 4, pp. 964-973, 2009.  

9. I.R. Ciric, On the electromagnetic levitation of spherical conductors, Rev. Roum. Sci. Techn. –       
Électrotechn. et Énerg., 14, 1, pp. 21-35, 1969. 

 


